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Abstract: Primitive words play a very important role in formal language theory for
their elementary combinatorial properties. Analogous fo primitive words, we consider p-
primitive words. P-primitivities are applied to check whether a neural network converges
for a set of data. In this note we characterize p-primitive words v and words v, where
lg(u) < lg(v), such that the regular expression uv™ is p-primitive.
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1. Introduction

Let X be an alphabet which contains more than one letter. Let X* be the free monoid
generated by X and X+ = X* \ {1} where 1 is the empty word. For a word u € X*, let
lg(u) denote the length of u. For u,v € X T, u is called a power of v if u = v™ for some
integer n > 1. A nonempty word u is called primitive if u is not a power of any other
word. It is known that every word u € Xt is a power of a unique primitive word ([1]). If
u=2zy,z,y € X", then x is called a prefir of u, denoted by x < u. If z # u, then z is said
to be a proper prefiz of u, denoted by x <, u. A word w has a prefiz n-power if w € u"X*
for some u € X*. For w € X, let N(w) denote the maximal number n such that w has
a prefix n-power. For any i > 1, we define P;(X) as P;(X) = {w € X+ | N(w) = ¢}. From
the definition, it is clear that P;(X) N P;(X) = 0 for every ¢ # j and X* = J,5, B (X).
Every word w in P (X) is called prefiz primitive (shortly, p-primitive), i.e., w & w2X* for
any u € X*. Let X = {a,b}. Then ab" is a p-primitive word over X for any n > 1.

In this paper we investigate that for any two distinct words u and v, where u € Py (X)
and lg(u) < lg(v), whether or not uv™ is p-primitive. A language in this form uwvtw for
some u,v,w € X* is called a regular component ([3]). In section 2, Proposition 2.1 to
Proposition 2.3 are concerned that some characters of words u and v which lead uv™ is
not a p-primitive word. On the contrary, if uv™ is not a p-primitive word, then u and v
must be those character of words. Proposition 2.4 show that if uv™ € Py(X), for n < 3,
then uv™ € P (X) for all n > 4.

The following two lemmata concerning the basic properties of the catenation and
decompositions of words will be needed in the sequel.

Lemma 1.1 ([1]) If uv = vu, u,v € X+, then u and v are powers of a common word.

Lemma 1.2 ([1]) If uv = vz, u,v,z € X* and u # 1, then u = 2y, v = (2y)*z, z = yx for
some z,¥ £ X" and k& = 0.

* Corresponding author.
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2. Main Results

It is known that if uv® & P(X), then wv? &€ Py(X), for all j > i. Therefore, if we
are going to discuss whether or not uv’ is a p-primitive word, we first assume that uv*
is a p-primitive word, for all ¢ < j. Now, we give a characterization of words uv™ being
p-primitive for all n < 3.

Proposition 2.1 For any two distinct words u,v, where u € P;(X) and lg{u) < lg(v).
Then uwv is not a p-primitive word if and only if one of the following three statements holds:
) e 0

(2) u = z1z02; for some x1,z5 € X+ with z2 < v,

(3) v = zyuz 22 for some 21,20 € X,

Proof. (=) As uv is not a p-primitive word, uv = z2y for some 2 € X* and y € X*. As
uv = 2, lg(u) < lg(z). There exists r; € X+ such that z = ux;. Thus v = 7,z = T uz;.
The assertion with statement (3) holds, where z; is an empty word. As uwv = z3y for
some z,y € X+, if lg(y) > lg(v), then z* <, u. This leads to a contradiction. Hence
lg(y) < lg(v). Let v = vyy, where v,y € X 1. As uv = uny = 2%y, we get uv; = z2. If
lg(u) = lg(vy), then u = v; = z. This yileds u <, v. The assertion with statement (1)
holds. If lg(u) < lg(vi), then lg{u) < lg(z). There exists z; € X+ such that r = uz;.
This yields vy = 12 = T1u®;, v = Zyuz1y. The assertion with statement (3) holds, where
zy = y. If lg(u) > lg(vy), then lg(u) > lg(x). There exists z; € X+ such that u = zx;.
Then z = z,x, where 23 € X*. We get u = x1222;. Since uv = %y = (2122)%y = uza2y.
This yields z2 < v. The assertion with statement (2) holds.
(«=) Immediate. I

Proposition 2.2 For any two distinct words u, v, where u, uv € P1(X) and lg(u) < lg(v).

Then uv? is not a p-primitive word if and only if one of the following statements holds:

(1) u = z1z223 and v = z3xaxi22 for some z, 23,74 € X+ and zo € X* with x3xs =
L4T1,

(2) v = x1x0x3ux; for some z1,z3 € X1 and 25 € X* with 2122 = Tz,

(3) v = z1T0m Uz T fOr SOME 27 € X and z, € X*,

(4) v =z u for some z; € XT.

Proof. (=) As uv? is not a p-primitive word, uv® = z%y for some z € X+ and y € X™.
As wv? = 2%, lg(z) < lg(uv). There exist vy,vs € X+ such that ¢ = uv; = vovyus,
where ¥ = vive. Thus lg(u) = 2lg(vz). As ve <, u, there exists u; € X+ such that
u = votiy. This yields lg({u;) = lg(v2). Since lg(u) < lg(v), lg(u;) < lg(v1). This yields
uy <p v1. Then there exists v3 € X such that v1 = ujvs. As T = wouyv; = vavyvy,
Usl U Vg = wolyv3ve. LThis implies that uyvg = vavs. Hence u = wouy, v = ujvavs and
uyv3 = v3vy. The assertion with statement (1) holds, where z; = vy, 23 = 41, 24 = v3 and
3 is an empty word. As uv? = z?y for some z,y € X1, if Ig(y) > lg(v), then 2 <, uv.
This leads to a contradiction. Hence lg(y) < lg(v). Let v = v1y, where vy, € X*. Then
z2 = wwyv;. Consider the following cases:



(1) lg(z) = lg{uv;). Then u = y and v = viu. The assertion with statement (4) holds,
where ; = v;.

(2) lg(z) < lg(uvy). There exist vs, w3 € X* such that v; = vev; and = = uvy = vayvevy.
If Ig(v2) = lg(vs), then vy = v3. We get u = vayvy and v = vowqy. Hence lg(u) = lg(v).
This contradicts the fact that lg{u) < lg(v). If lg(vs) < lg(vz), then there exists
vg € X1 such that v3 = vgvs. We can get u = vayvovy and v = wousy. Hence
lg{u) > lg(v). This also contradicts the fact that lg{u) < Ig(v). Then lg(vs) > lg(vs).
As vy <5 z and vz <5 . Then there exist vy, v5 € X1 such that v, = vqvs = vgvs,
we get u = vzyvy and v = wywsvgy. The assertion with statement (1) holds, where
r = U3, o =1, T3 = V4, T4 = Us.

(3) lg(z) > lg(uvy). There exist vs,u3 € X1 such that ¥ = wwy and z = wwv, =
vzv1. Thus lg(u) < lg(vs) and v = vivgws. If lg{vy) = lg(wa), then vy = ve. As
T = umvs = urith = vy, we get vy = wvy. Thus v = vyjvsvy = vyvyuw;. The
assertion with statement (2) holds, where ) = x3 = v; and 5 is an empty word.
If lg(v1) > lg(ve), then there exist vy,us € X1 such that v; = vyve = vsvy. As
T = UVU2 = VsV, UD4UeUz = vaUg¥z. As Ig(u) < lg(vz), vz = wvs. Hence v =
V1VaV3 = WqUoU2Uls = UstyUeUUs = UsUsUgUUs. LThe assertion with statement (2)
holds, where @1 = vs,x3 = vy and z3 = va. If lg(vy) < lg(uvs), then there exists
vg € X such that vo = vyv;. Thus ¢ = urvs = uwvivgy; = wsvy. This yields
vy = uvy. Hence v = vjwewy = 1 v4v1UV1V4. The assertion with statement (3)
holds, where x1 = v, 23 = vy4.

(«=) Immediate. I

Proposition 2.3 For any two distinct words u, v, where u,uv,ww® € P (X) and lg(u) <

lg(v). Then uwv® is not a p-primitive word if and only if one of the following statements

holds:

(1) u = zizoxoxsr; and v = (zox321)"2; for some x,z5,23 € X+ and k = 2,3,4 with
T3 Sp T2,

(2) u= E:lirgzlm;; and v = (zaz123)2@az1 for some T1, T2, 23 € X1 with zaxs <, 22273,

(3) u = rozyzazgz; and v = (xzz4a; )Fugey for some 1, 24,23 € X+ and z4 € X* with
T = wiws, T3 = wow and z3 = (wiwe)™w;, where wy, we, w3 € X+, i=1,2 and
k=234 .

(4) u = zsz1T2x3 and v = (x223)"z; for some x1,72 € Xt and z3 € X* with ; = wywe
and zz = (wyws)"*wy, where wy, wa, w3 € X, i=1,2 and k = 2,3, 4.

Proof. (=) As uv® is not a p-primitive word, uv® = 2%y for some z € X+ and y € X*.
As uv® = 22, lg(uv) < lg(z). There exist v1,v2 € X7 such that = = utysv; = vovqva,
where v = vyva. If lg{vy) = lg(vs), then lg(u) < 0. This leads to a contradiction. Thus
lg(v1) < lg(ve). As v < x and vp <¢ @, there exists vy € X1 such that v = vyve = viv3v;.
The equalities £ = uv vav1 = vavy vz imply that uv vzvyv; = vav1v1v3v;. Thus we can get
u = v3. Hence (uv1)® <p uv. This leads to a contradiction. Suppose lg(y) = lg(v). Then
uwv® = z%y for some z,y € X+ implies 2 <, uv®. This leads to a contradmtmn Hence
lg(y) < lg(v). Let v = vy for some v,y € X+ If lg(x) = lg(uv), then lg(u) = lg(v1). As
u <p v and vy <p v, we get u = v;. Hence (v;)? <, uv. This leads to a contradmtinn.
If lg(x) > lg(uv), theu there exists vz, v; € X such that r = wwvv; and v = wovs. As
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lg(z) = lgluvavive) = lg(vivy), we get 2lg(va) < lg(vy). As va <, v and vy <. us.
Then we can get v = vavgwy, where v3 € X+. Thus v = vyvzvoy and vi = vavpy. As
lg(z) = lg(uvavavayva) = lg(vsvayvovsws), we get u = vs. Hence (v3v2)® <, wv. This
leads to a contradiction. Therefore lg(z) < lg{uv). Then there exists vo € X ¥ such that
uv = zvp and lg(vs) < lg(u). As vp < v, u = vou; for some u; € X+. If v = vyvy, then
& = vovv; = (vzv1)?. This leads to a contradiction. If lg(v) < lg(vivs), then there exists
vi € X7 such that v = vive. Thus lg(v3) < lg(v1). As lg(z) = lg(vau1v3) = lg(vevivevy),
we can get lg(u1) = lg(vpwy) > Ig(v). This leads to a contradiction. Therefore lg(v) >
lg(vivz). As vivp <5 v, there exists vs € X such that v = vgvyvo. Consider the following
cases:

(1-1)

(1-2)

(1-3)

lg(v1) > lg(vs). Then there exists vy € X* such that vy = vavy. If lg(vs) = lg(vs),
then v2 = w3, As lg(z) = lg(vouivavy) = lg(vavsviveu), lg(uy) = lg(vev) =
lg(vevavy). Thus vg <p uy. Therefore (v2)® <, u. This leads to a contradic-
tion. If lg(va) > lg(vs), then lg(w;) > lg(uswsvs). Thus lg(u) = lg(vou,) =
lg(vavavavy) > lg(vavguznyy) = lg(v). This leads to a contradiction. We must
have lg(vo) < lg(vs). As lg(viy) = lg(v) > lg(w) + lg(vs), there exists vs € X+
such that ¥y = wsvs. Thus v = vy = vsvavsva. From v = wzugugvs, we get
lg(vs) = lg(vs). Hence there exist vg, vy € X such that vs = vgur and v3 = v7vs.
This implies that u; = vavgvg = vrvavave. If lg(vy) > lg(vs). Then 2 <p Ui,
v2v3 <p , i.e., (vav7)? < u. This leads to a contradiction. If lg(vs) < lg(vs). Since
VgUg¥7 = U4 = UrvU2v4 and vavUaUgUet7 <p uv. Thus (vour)? <, uvw. Again, this
leads to a contradiction.

lg(v1) = lg(vs). As v1 <p v and v3 <, v, v; = v3 and v = vavvp = vVgUgvy. If
lg(vs) = lg(ve). As x = vouyvsv) = vousvivevy, Us = vs. This implies that uy = vyv..
Hence u = vauy = vavzvz. This leads to a contradiction. If lg(v3) > lg(vs), then there
exist v4,v5 € X such that v = v4v3 = vsv4 and u; = wvavavs. This in conjunction
with u = vou; and v = u1v3 = vavavz implies that uv = vouVaVzVs = VU3V VUV =
(vov4)?v2vov4vsvs. This leads to a contradiction. If lg(vs) < lg(vz), then there exists
vy € X+ such that vp = vyvs. This implies that u = vu; = vavsvsvsvy and v =
vgvavavy. Thus lg(u) > lg(v). This leads to a contradiction.

lg(v1) <lg(vs). As vy <, v and w3 <j, v, there exists vy € X* such that vs = vyvs.
If 1g(vo) = lg(vy), then v = vy. Thus u; = v3 = vv; and v = (v v2)% This implies
that uv = vauyv = (vav;)%va. This leads to a contradiction. Suppose lg(vs) > lg(vy).
If 1g(vs) = lg(vivy), then vy = vyvy. Thus w1 = vav; = vyvgv,. This implies that
u = vy = (v1v4)%v;. This leads to a contradiction. If lg(v2) > lg(vivs), then
lg(u1) > lg(vsv1). Thus Ig(u) = lg(veus) > lg(vowav;) = lg(v). This leads to a
contradiction. If lg(vs) < lg(vivy), then lg(u;) = lg(vive) > lg(vivs) implies that
there exist vs, vs,vr € X such that u; = vywaus, v1 = vsvs = vgvur and va = vyuy.
Thus u = vou; = vov1V4U5 = V7V VsV Us and ¥ = VgUrU4UsUgUrv4. This implies that
(v7vqv6)® <p wv. This leads to a contradiction. Therefore lg(v2) < lg(vs). Then there
exists vs € X such that vy = vsvp. Hence vy = vjvsvs. As v = ujv3 = V3V 9,
UIUIUsV2 = ViUsUevive. Thus vy <p u3. Then there exists vg € X1 such that
up = vvg. JLherefore vivgvivsva = Musvaviva. So we can get vgvIUs = vUsvav;.
Consider the following subcases:



(1-3-1)

(1-3-2)

(1-3-3)

(1-3-4)
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lg{vg) = lg(vs). Then vg = vs and v1vg = v1v5 = vovy. This implies that u = wou; =
U2V = Uote?. Lhis leads to a contradiction.

lg(v1) = lg(vs). Then vy = ws. If Ig(v1) = lg(va), then v, = vy = v5 = vg. Thus
u = wou; = wew1vg = (v1)®. This leads to a contradiction. If lg(v) < lg(vs),
then there exists v; € X such that v = v;v; and vg = vsvr = vyv7. So u; =
V1V = V1197, Thus u = veu; = vrvyv1v1v7 and v = U v1Usva = (vyv1v7)?v;. The
assertion with statement (1) holds, where z; = vr,22 = 3 = v; and k = 2. If
lg(vy) > lg(va), then there exist v € X+ such that v; = vs = vyu; = vguy. Thus
there exist wy,ws € X, n > 0 such that vs = wiwe, vy = (wywe)*w; and v =
wew;. Hence u = wauy = vovyvs = wown (wywe)" unwiws and v = vivsvathvg =
((wywe)* M wy wywse ) (wywa)* 1wy . The assertion with statement (3) holds, where 4
is an empty word, i =1 and k = 2.

lg(v1) = lg(vz). Then lg(v1) = lg(va) = lg(ve). If lg(vs) = lg(vs), by an analogous
argument as case (1-3-1), then this leads to a contradiction. If lg(vs) > lg(vg), then
there exist vy, vg, ¥g € X+ such that vs = vgvr, v; = v7us and vy = vgvg. This implies
that vs = vgvy = vov1 = vovrus. Case 1: lg(vr) = lg(vg). Then vr = vy and vg = vgvy.
Thus v = vrvg and u; = v1vs = vyusvguy. This implies that w = veu; = (vyvguy)®.
This leads to a contradiction. Case 2: lg(v;) < lg(vs). Then there exists vy € X+
such that vg = v1gvy. This implies that vs = vgvr = vevrvigvy. Thus v = veurug and
Ul = V1V = U7thoUrvgUrtyg. Lhis implies that u = wuy = vguguy = {vluwwgw}%m.
This leads to a contradiction. Case 3: 1g(v7) > lg(vg). Then there exist vig,v1; € X+
such that v; = wigvy) = v11vs. So there exist wy,ws € X1, n = 0 such that vy =
wiws, v11 = (wiws)"w; and vg = wewi. Thus v; = (wyws)*w;, vs = vewiws and
u; = {wlwz]“"'zwlvgwlum. Hence u = Ually = WUy = wzwlm{wlwg}“+2w1wgw1w2
and v = vusvevive = ((wywe)* Pwivew;wse)?(wyws)*2wivg. The assertion with
statement (3) holds, where z4 = wy, i = 2 and & = 2. If lg(vs) < lg(vg), then
there exist vy,vs,v9 € X such that vg = wsvr, v2 = vrvg and v; = vevg. This
implies that v1 = vgve = veuvs. So there exist wy, w2 € X, n > 0 such that vy =
Wz, Uy = {wlwz]“wl and Vg = wWally. Thus i = I:tU1T.u;;}n+1’EU1 and U] = MU =
vivsvr = (wiwa) "M lwywowivz. Hence u = wouy = vrwywo(wyiws) 2wy vy and v =
vUsvav U2 = ((wiws)" 2wy vy )?wiws. The assertion with statement (4) holds, where
x3=vr,t=2and k= 2.

lg(vi) < lg{ve) < lg(vs). As wevivs = vsvovy and lg(vws) = lg(ve) < lg(vs), there
exists v7 € X such that vs = vgvy. Thus v1vgv7 = vrvov; and lg(vs) = lg(vs). Case
1: 1g(vy) = lg(v7). Then vy = v; and vy = vg. Thus u = WU = Vav1Vs = V2U Vs,
v = v1usv2v1¥2 = (v1v2)°. Hence uv = (vgv; Y*vq. This leads to a contradiction. Case
2: Ig(n) > lg(v7). Then there exist vg, vy, v19 € X such that v; = vyvg = vigvr,
vg = vgU1p and ve = vgvg. Thus there exist wy,wz € X1, n > 0 such that vy = wyws,
vy = (wiws)™w; and vg = wow;. This implies that ¥ = vivg = VigUTVeVIY =
(W11U2}n+lW1‘l.!gwl’LUg. Hence u = Ually = Uglgli; = wzwlvg(wlwg]“"'lwlvgwnm and
v = nustav1vz = ((wiwse)" g vgwyws )2 (wywe)"Hlwvg. The assertion with state-
ment (3) holds, where 24 = vy, i = 1 and k = 2. Case 3: lg(v;) < lg(v;). Then
there exist wg,wvg,vip,€ X+ such that v; = vjvg = wv; and vg = vyove. Thus
there exist wy,ws € X such that vg = wiws, v1 = (wiws)w, and vy = wown.



(1-3-5)

(1-3-6)

(1-3-7)

(1-3-8)
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Hence u = vt = v1gUs¥1¥Us¥1g = VipwWiwa(wws)™ 1w vig and v = vjvsvpvive =
v gtV Ve = ((wywe)® wyvig) wyws. The assertion with statement (4) holds,
where T3 = v1p, ¢ =1 and k = 3.

lg(v1) < lg(vs) < lg(ve). Then there exist vr,vs € X such that vs = vrvq, vo =
vgv v and vg = vsvg. Hence u = wgwvrvyvrvivg and v = (v vrv1vg)?vivr. The
assertion with statement (1) holds, where z; = vs, T2 = vyv7, 3 = v; and k = 2.
lg(va) < lg{n) < lg(vs). If lg(vs) = lg(verr), then vs = vgn = wowvy. This implies
that vg = vo. Thus v = wvavivs = vav1vs. Hence (vav1)? <p uv. This leads to a
contradiction. If lg(vs) < lg(vgv;), then there exist vy, vg € X such that v = vrvg,
U5 = VU7 = Vgl = UgUyvg and wg = wgvg. Thus u = vavyvg = vgvgurugvg. Therefore
UV] = VgUgUrUslaUrls = (Ugvaur) vgvg. Since uwy <, uv. Hence (vsvgur)? <p uv.
This leads to a contradiction. Therefore lg{us) > lg(vsv:). Then there exists v; € X+
such that vs = wgviv7 = wvyvovy. If lg(vg) = lg(vy), then vg = vy and wov; =
mvy. Thus there exist wi,wy € X such that vy = wyws, v; = (wyw:)"w; and
v7 = wow;. Hence (wjws)? <p u. This leads to a contradiction. If lg(vg) > lg(vr),
then there exist vg, vy, v1p € X+ such that vg = vyvg,v2 = vgue and v} = vevyy =
v1ov7. Thus there exist wy,ws € X such that vy = wyws, vip = (wiwz)"w; and
ve = wow;. Hence u = wavivg = vgwiwe(wywe)F2unvg and v = vyusvvve =
({wyw2)™ 2wy vg)wywe. The assertion with statement (4) holds, where x3 = vg, i = 2
and k = 3. Iflg(vg) < lg(v7), then there exist vg € X such that v7 = vgvs and vivy =
vgoty. Thus vyvsus = vsvawy. If lg(vy) = lg(ve), then v; = vs and vz = vs. Thus
U = UYa¥1¥g = VaV1¥2. Since uw <p uv, (vam)® < p #v. This leads to a contradiction.
If lg(v1) < lg(vs), then there exist vg,v10,v11 € X such that vg = vivg = viown,
vg = vgvyy and wa = vyyv1p. Thus there exist wy,wy € X such that vy = wyws,
v1 = (wiwe)™w; and vg = wyw;. Hence u = vatqvg = vy wse(wiwe)*  wiv1; and
v = mUstet vz = ((wyws )™ w1 ) wiws. The assertion with statement (4) holds,
where z3 = v13, ¢ = 1 and k = 4. If lg{vy) > lg(vs), then there exist vg,vig,v11 €
X+ such that v; = vgvg, ¥3 = Uglyg, Vg = vigvyy. Therefore v, = vV = Usly.
Thus there exist wy,ws € X1 such that v;; = wyws, vy = (wywz)"w; and vg =
wowy. Hence u = wvavivg = wowivip(wiws)* P lwivgwiwe and v = vivsvevive =
((wrwe )" lwyvigwrwa)® (wywe ) Tlwyvyg. The assertion with statement (3) holds,
where x4 = v1g,2=1and k = 3.

lg(ve) < lg(vs) < lg(vy). As vgvivs = vsvovy, there exist vy,ug € X such that
Vg = Ugl7, U] = Uplals = Ugls = vUgUs¥y. LThus we can get vrvavsls = UsUsUrls.
Hence u = vav ¥ = vaurvavats and v = v1Usvov1¥2 = (Vrvovavg ) 2urve. The assertion
with statement (2) holds, where 1 = va, 23 = v7 and x3 = vgvs.

lg(vs) < lg(v2) < lg(v1) and lg(vs) < lg(w1) < lg(v2). As wevivs = vsvov1, there
exist vr,vg,v9 € XT such that vs = vsvr and vs = vrvg and v; = vavg = vgus.
Therefore there exist wy,ws € X+, n > 0 such that vg = wyws, vg = (wyws)™wy
and vs = wow,. Hence u = wuivs = vrvg1vsvr = vywywo(wiws)"wyvy and
v = Musvovivy = ((wiws)" 2w vr 2w ws. The assertion with statement (4) holds,
where z3 = w7, 1 =2 and k= 2.

(«=) Immediate. I

Next, we show that uv™ are p-primitive words for all n > 4 for any two distinct words
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u, v with u, uv, uv?, uv® € Pi(X) and lg(u) < lg(v).

Proposition 2.4 Let u,v be two distinct words such that w,uv,uww?, uv? € P;(X) and
lg(u) < lg(v). Then uv™ € P (X) for all n = 4.

Proof. As uv™ is not a p-primitive word for all n > 4, uv™ = 2%y for some z € Xt and
y € X*. As uv™ = z2. Then either z = uv'y; = vv' or = = wviv; = vev**+! may occur,
where v = vyvs, v1,v3 € Xt and ¢ > 0. Suppose x = uv'v; = wev?. Then vo = uv;. Thus
uv = uvjvs = (uvy)?. This leads to a contradiction. Suppose & = wviv; = vovit!, where
2i + 2 = n. Therefore Ig(u) = 2lg(vz). As vz <p z and u <, =z, there exists u; € X+
such that ¥ = wvau; and lg(va) = lg(uy). Since lg(u) < lg(v), ie., lg(veu;) < lg(vim),
we get lg(u1) < lg(v1). As wy <, v, there exists u3 € X+ such that v; = uivz. This
together with ujv3 <g =, vave <; = and lg(uivs) = lg(vswe) yield ujvs = vava. Hence
U = vy, ¥ = U1V3Vz and uivs = wvave. This implies that uv® = vou Uy vstativste =
Vol V3oVl Usliz = (Valy Ugvgj2 & Py(x). This leads to a contradiction. Let uv™ = 2y for
some =,y € XT. If u <, v, then uwv & P;(z). This leads to a contradiction. If u <, v, then
uv? & Pi(z). This leads to a contradiction. Therefore u #, v and u £, v. Case 1: There
exist v1,v2 € X such that v = vjuve. If lg(v;) < lg(ve), then v, <p v and vg < v imply
that there exists v3 € X* such that v = vyv3. Thus v = vyuvyvs. Therefore uv & Py (z).
This leads to a contradiction. If lg{v;) > lg(va), then there exists v3 € X+ such that
v; = vovg. Thus v = viuve = wevguvs = vauveve. This implies that vsvau = vauvs.
Therefore there exist w € X+ and m,g > 1 such that v» = w™ and vsu = w?. There
also exist wy,wy; € X and g1,g2 = 0 such that v3 = w"w; and u = wyw?®, where
w=wws; and g = q; + gz + 1. Thus v = w9, If g, = 0, then u = wy. Therefore
(wawn)? <p uvw. This leads to a contradiction. If go = 1, then u = wawnws. As w1 <p v,
(wawn)? <, uv. This leads to a contradiction. If go > 2, then u = waw?w% 2. Therefore
(waw)? < u. This leads to a contradiction. Case 2: If there exist uy,us € X* such that
U = Ujug, w1 <g v and us <, v, then there exists v; € X such that v = uoviu;. We get
upvu; = viugus. Thus uv? = ujugusUiuiuavi; = ) Ual) Uy Usl Uy Us = (u1ugv; )2uyug.
This leads to a contradiction.

3. Conclusion

Proposition 2.4 tells us that when we want to check whether or not uv* is a p-primitive
word for the case lg(u) < lg(v), we just check the characters of u and v whether they are
in the statements of Proposition 2.1 to Proposition 2.3 or not. We conjecture that the
cases for lg(u) = lg(v) and lg(u) > lg(v) have same results which are left for our further
research.
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